We show that the constructions done in part I generalize their classical counterparts: firstly, the classical Beilinson regulator is induced by the abstract Chern class map from BGL to the Deligne cohomology spectrum. Secondly, Arakelov motivic cohomology is a generalization of arithmetic K-theory and arithmetic Chow groups. For example, this implies a decomposition of higher arithmetic K-groups in its Adams eigenspaces. Finally, we give a conceptual explanation of the height pairing: it is the natural pairing of motivic homology and Arakelov motivic cohomology.
and show a canonical isomorphism H −n (X) ∼ = K n (X).
for smooth schemes X and n ≥ 0. All our comparison results concern the groups K * (X) and, in a similar vein, the subgroup CH * (X) of Gillet-Soulé's group [GS90a] consisting of arithmetic cycles (Z, g) satisfying δ Z = ∂∂g/(2πi), cf. p. 17. The homotopy-theoretic approach taken in this paper conceptually explains, improves, and generalizes classical constructions such as the arithmetic Riemann-Roch theorem, as far as these smaller groups are concerned. The simplification stems from the fact that it is no longer necessary to construct explicit homotopies between the complexes representing arithmetic K-groups, say. For example, the Adams operations on K n (X) defined by Feliu [Fel10] were not known to induce a decomposition
Using that the isomorphism (*) is compatible with Adams operations, this statement follows from the entirely formal analogue for H * , namely the ArakelovChern class isomorphism (4.5). We conclude a canonical isomorphism
Moreover, the pushforward on Arakelov motivic cohomology established in 4.10 is shown to agree with the one on arithmetic Chow groups in two cases, namely for the map Spec F p → Spec Z and for a smooth proper map X → S, S ⊂ Spec O F for a number ring O F . The non-formal input in the second statement is the finiteness of the Chow group CH dim X (X) proven by Kato and Saito [KS86] . In a similar vein, we identify the pushforward on K 0 with the one on H 0 (Theorem 6.4). In Section 7, it is shown that the height pairing
coincides, after tensoring with Q, with the Arakelov intersection pairing of the motive M := M(X)(m − dim X + 1)[2(m − dim X + 1)] of any smooth proper scheme X/S:
Conjecturally, the L-values of schemes (or motives) over Z are given by the determinant of this pairing [Sch13] .
In the light of these results, stable homotopy theory offers a conceptual clarification of hitherto difficult or cumbersome explicit constructions of chain maps and homotopies representing the expected maps on arithmetic K-theory, such as the Adams operations. The bridge between these concrete constructions and the abstract path taken here is provided by a strong unicity theorem. Recall that there is a distinguished triangle
in the stable homotopy category. Among other things we prove that BGL is unique, up to unique isomorphism fitting into the obvious map of distinguished triangles (see 6.1 for the precise statement). The proof of this theorem takes advantage of the motivic machinery, especially the computations of Riou pertaining to endomorphisms of BGL. Its only non-formal input is a mild condition involving the K-theory and Deligne cohomology of the base scheme. The unicity trickles down to the unstable homotopy category. It can therefore be paraphrased as: any construction for the groups K * that is functorially representable by zig-zags of chain maps and compatible with its non-Arakelov counterpart is necesssarily unique. The above-mentioned identification of the Adams operations and the K-theory module structure on K are consequences of this principle. In order to show that the arithmetic Riemann-Roch theorem by Gillet, Roessler and Soulé [GRS08] , when restricted to K 0 (X) ⊂ K T 0 (X) (!), is a formal consequence of the motivic framework it remains to show that their arithmetic Chern class [GS90c, cf. Thm. 7.2.1],
Q , agrees with the Arakelov Chern class established in (4.5). This will be a consequence of the above unicity result, once the arithmetic Chern class has been extended to higher arithmetic K-theory by means of a canonical (i.e., functorial) zig-zag of appropriate chain complexes.
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Comparison of the regulator
After recalling some details of the construction of BGL in Section 5.1, we construct a Chern class map ch : BGL → ⊕ p H D {p} that induces the Beilinson regulator. This is done in Section 5.2. The strategy is to take Burgos' and Wangs representation of the Beilinson regulator as a map of simplicial presheaves and lift it to a map in SH(S). We finish this section by proving that this Chern class ch and the one obtained in Definition 3.7,
agree. In particular, ch D also induces the Beilinson regulator. This result is certainly not surprising-after all Beilinson's regulator is the Chern character map for Deligne cohomology.
Throughout, we will use the notation of part I. In particular, Ho • (S) and SH(S) are the unstable and the stable homotopy category of smooth schemes over some Noetherian base scheme S (Sections 2.1, 2.2).
Reminders on the object BGL representing K-theory
In order to prove our comparison results, we need some more details concerning the object BGL representing algebraic K-theory. This is due to Riou [Rio] .
Let Gr d,r be the Grassmannian whose T -points, for any T ∈ Sm/S, are given by locally free subsheaves of O d+r T of rank d. As usual, we regard this (smooth projective) scheme as a presheaf on Sm/S.
is given on the level of T -points by mapping
Gr * , * , where the colimit is taken in PSh(Sm/S). It is pointed by the image of Gr 0,0 . Write Z× Gr for the product of the constant sheaf Z (pointed by zero) and this presheaf, and also for its image in Ho • (S). For a regular base scheme S, there is a functorial (with respect to pullback) isomorphism
for any X ∈ Sm/S [MV99, Prop. 3.7, 3.9, page 138].
Definition 5.1. [Rio, I.124, IV.3] The category SH naive (S) is the category of Ω-spectra (with respect to − ∧ P 1 ) in Ho • (S): its objects are sequences E n ∈ Ho • (S), n ∈ N with bonding maps
1 Its morphisms are sequences of maps f n : E n → F n (in Ho • (S)) making the diagrams involving the bonding maps commute.
Remark 5.2. Recall the projective Nisnevich-A 1 -model structure on P 1 -spectra: a map f : X → Y is a weak equivalence (fibration), if all its levels f n : X n → Y n is a weak equivalence (fibration, respectively) in the Nisnevich-A 1 -model structure on ∆ op (PSh • (Sm/S)) (whose homotopy category is Ho • (S). The homotopy category of spectra with respect to the projective model structure is denoted SH p (S). The composition of the inclusion of the full subcategory of Ω-spectra and the natural localization functor,
is an equivalence. This yields a natural "forgetful" functor SH(S) → SH naive (S). 
where u * 1 is the map corresponding to
= Hom Ho (P 1 , Z× Gr) and µ is the multiplication map, that is to say, the unique map [Rio, III.31] inducing the natural (i.e., tensor) product on K 0 (−).
naive (Z) that is unique up to unique isomorphism. For any scheme f : S → Spec Z, put BGL S := f * BGL Z . The unstable representability theorem (5.2) extends to an isomorphism
for any regular scheme S and any smooth scheme X/S. In SH(S) Q , i.e., with rational coefficients, BGL S ⊗Q decomposes as
such that the pieces H ,S (p)[2p] represent the graded pieces of the γ-filtration on K-theory:
Lemma 5.4. For any d, r, the motive M(Gr d,r ) (cf. Section 2.2) is given by
The sum runs over all Schubert symbols, i.e., sequences of integers satisfying
exhibits the former motive as a direct summand of the latter.
Proof: Formula (5.6) is well-known [Sem, 2.4]. The second statement follows from the same technique, namely the localization triangles for motives with compact support applied to the cell decomposition of the Grassmannian: for any field k, a d-space V (d) in k d+r is uniquely described by a (d, d + r)-matrix A in echelon form such that A σi,j = δ i,j and A i,j = 0 for i > σ j for some Schubert symbol σ. The constructible subscheme of Gr d,r whose k-points are given by matrices with fixed σ is an affine space A (σ)
In other words, the restriction of the transition maps (5.1) to the cells is the identity map A (σ)
S , which shows the second statement.
Second construction of the regulator
In this subsection and the next one, S is an arithmetic field and X is a smooth scheme over S. 
Recall that for any chain complex of abelian groups C, there is a natural map
(Here and elsewhere, Ω s is the simplicial loop space, its P 1 -analogue is denoted Ω P 1 .) This map is a weak equivalence of simplicial abelian groups.
For any pointed simplicial presheaf F ∈ Ho • (S), let ϕ(F ) be the pointed presheaf
According to (5.2) and Lemma 3.2, respectively,
Let P (X) be the (essentially small) Waldhausen category consisting of hermitian bundles E = (E, h) on X, i.e., a vector bundle E/X with a metric h on E(C)/X(C) that is invariant under Fr * ∞ and smooth at infinity [BW98, Definition 2.5]. Morphisms are given by usual morphisms of bundles, ignoring the metric, so that P (X) is equivalent to the usual category of vector bundles. Let
be the presheaf (pointed by the zero bundle) whose sections are given by the simplicial set of singular chains in the topological realization of the Waldhausen S-construction of P (X). Its homotopy presheaves are
(5.10) Here, Ho sect,• denotes the homotopy category of ∆ op PSh • (Sm/S) (simplicial pointed presheaves), endowed with the section-wise model structure. Ktheory (of regular schemes) is homotopy invariant and satisfies Nisnevich descent [TT90, Thm. 10.8]. Therefore, as is well-known, the left hand term agrees with Hom Ho•(S) (S n ∧ X + , S * ). That is, there is an isomorphism of pointed presheaves
According to [Rio, III.61] , there is a unique isomorphism in Ho • (S)
making the obvious triangle involving (5.11) and (5.8) commute.
The proof of our comparison of the regulator uses the following result due to Burgos and Wang [BW98, Prop. 3.11, Theorem 5.2., Prop. 6.13]:
such that the induced map
agrees with the Beilinson regulator for all n ≥ 1.
By (5.12), we get a map in Ho • (S):
The induced map
(X, p) (5.14) agrees with the Beilinson regulator. In order to lift the map ch to a map in SH(S), we first check the compatibility with the P 1 -spectrum structures to get a map in SH naive (S). This means that the diagram involving the bonding maps only has to commute up to (A 1 -)homotopy. Then, we apply an argument of Riou to show that this map actually lifts uniquely to one in SH(S).
Recall the Deligne cohomology (P 1 -)spectrum H D from Definition and Lemma 3.3. Its p-th level is given by D s (p), for any p ≥ 0.
, there is a unique map
that is given by ch : Z× Gr
(ii) In SH(S), there is a unique map
that maps to ch naive under the forgetful functor SH(S) → SH naive (S) (Remark 5.2).
(iii) There is a unique map ρ :
, under the identification (5.5).
Proof: By Lemma 5.4, the transition maps (5.1) defining the infinite Grassmannian induce split monomorphisms M(Gr d,r ) → M(Gr d ′ ,r ′ ) of motives and therefore (e.g. using Theorem 3.6) split surjections (for any
(5.15)
A similar surjectivity statement holds for the map of Deligne cohomology groups induced by transition maps defining the product Gr × Gr, i.e.,
(i): the unicity of ch naive is obvious. Its existence amounts to the commutativity of the following diagram in Ho • (S): 
. To see the commutativity of the right half, we use that the functor ϕ (5.7) induces an isomorphism
. This identification is shown exactly as [Rio, III.31], which does it for Z× Gr instead of D s . The point is a surjectivity argument in comparing cohomology groups of products of different Grassmannianns, which is applicable to Deligne cohomology by the remark above. By construction of the multiplication map on Z× Gr, applying ϕ to the right half of (5.16) yields the diagram
Here µ K0 is the usual (tensor) product on K 0 and µ D is the classical product on Deligne cohomology [EV88] . The Beilinson regulator is multiplicative [Sch88, Cor., p. 28], so this diagram commutes.
For the commutativity of the left half, let i m,n : P m → P n be the inclusion [x 0 : . . . : x m ] → [x 0 : . . . : x m : 0 : . . . : 0], for m ≤ n, and i m,∞ := colim n i m,n : P m → P ∞ := colim n P n . The map u * 1 factors as 
where
. Indeed, the projective bundle formula (for P 1 ) implies an isomorphism of presheaves 
This map is part of the following Milnor-type short exact sequence [Rio, IV.48, III.26, see also IV.8] (it is applicable because of the surjectivity of (5.15) for n = 1 and n = 2)
The map ch naive thus corresponds to a unique element in the right-most term of (5.17). The natural map
is an isomorphism. Indeed, the proof of the analogous statement for motivic cohomology instead of Deligne cohomology [Rio, V.18] (essentially a splitting argument) only uses the calculation of motivic cohomology of P e . Thus it goes through by the projective bundle formula for Deligne cohomology.
Via this identification, the transition maps Ω P 1 :
are the direct sum over p ∈ Z of the maps 
Comparison
In particular, ch D also induces the Beilinson regulator
Proof: The map ch is a map of ring spectra (i.e., monoid objects in SH(S)): the multiplicativity, i.e., ch 
It is indeed an BGL-module, as one sees using that ch is a ring morphism. By the unicity of the BGL-algebra structure on D (Theorem 3.6), this algebra structure agrees with the one established in loc. cit. This implies ch = ch D . The proof for ρ = ρ D is the similar, replacing BGL with H throughout.
Comparison with arithmetic K-theory and arithmetic Chow groups
In this section, we show that the groups represented by BGL coincide with a certain subgroup of arithmetic K-theory as defined by Gillet-Soulé and Takeda for smooth schemes over appropriate bases (Theorem 6.1). This isomorphism is compatible with the Adams operations on both sides and with the module structure over K-theory (6.2, 6.3). We also establish the compatibility of the comparison isomorphism with the pushforward in two cases (6.4). We consider the following situation: X → S → B, where B is a fixed arithmetic ring (Definition 2.6), S is a regular scheme (of finite type) over B (including the important case S = B), and X ∈ Sm/S. Let η : B η := B× Z Q → B be the "generic fiber". For any datum ? related to Deligne cohomology, we write ? := η * ? for simplicity of notation. That is,
For a proper arithmetic variety X (i.e., X is regular and flat over an arithmetic ring B), Gillet and Soulé have defined the arithmetic K-group as the free abelian group generated by pairs (E, α), where E/X is a hermitian vector bundle and α ∈ D 0 (X)/ im d D , modulo the relation
for any extension 
The full arithmetic K-groups K T * are not accessible to homotopy theory since they fail to be A 1 -invariant. Moreover, due to the presence of D n+1 / im d D the groups are usually very large. Therefore, we focus on the subgroups K * ⊂ K T * and refer to them as arithmetic K-theory.
By Theorem 5.7, the top exact sequence looks exactly like the one in Theorem 4.5. In order to show that K n (X) and H −n (X) are isomorphic, we use that there is a natural isomorphism (functorial with respect to pullback),
of the arithmetic K-group with the homotopy fiber in pointed simplicial sets (endowed with its standard model structure) [Tak05, Cor. 4.9]. We write
for the homotopy fiber with respect to the section-wise model structure, so that π n+1 S(X) = K n (X).
Recall from Section 4.1 the object BGL. Its key property is the existence of a distinguished triangle (in SH(S))
The cohomology groups represented by this object are denoted by H * (−), cf. Definition 4.4.
The content of the following theorems (6.1, 6.2, 6.3, 6.4) can be paraphrased as follows: given a commutative diagram in some triangulated category,
the map e (whose existence is granted by the axioms of a triangulated category) is in general not unique. The unicity of e is guaranteed if the map
is onto. In our situation, we are aiming at a canonical comparison between, say, the groups H * and K * . Both theories arise from distinguished triangles where two of the three vertices are the same, namely the one responsible for Ktheory and the one for Deligne cohomology. Moreover, the map between them considered up to homotopy, i.e., in the triangulated category SH, is the Chern class that is independent of choices-as opposed to the Chern form, which does depend on the choice of a hermitian metric on the vector bundle in question. As we shall see, the non-formal surjectivity of (6.4) is assured by conditions (a) and (b) of Theorem 6.1 (or condition (c) if one neglects torsion). Luckily, it only consists of an injectivity condition for the regulator on the base scheme S, not on all schemes X ∈ Sm/S. This is one of the places where working with the objects representing the cohomology theories we are interested in is much more powerful than working with the individual cohomology groups.
Theorem 6.1. Let S be a regular scheme over an arithmetic ring. We suppose that (a) ch :
is injective, and (b) K 1 (S) is the direct sum of a finite and a divisible group.
For example, these conditions are satisfied for S = B = Z, R, or C. Then the following holds:
(i) Given any maps s, d in Ho • (S) such that the right square commutes, there is a unique s ∈ End Ho(S) ( S) making the diagram commute:
(ii) Likewise, given any b and d making the right half commute in SH(S), there is a unique b ∈ End SH(S) ( BGL) making everything commute:
(iii) The afore-mentioned unicity results give rise to a canonical isomorphism, functorial with respect to pullback
for any X ∈ Sm/S, n ≥ 0. (The definition of K n (X) in loc. cit. is only done for X/B proper, but can be generalized to non-proper varieties using differential forms with logarithmic poles at infinity, as in Definition 2.7.)
Instead of (a) and (b), let us suppose that Then there is a canonical isomorphism
Proof: (ii): Let us write (−, −) := Hom SH(S) (−, −) and R := ⊕ p∈Z H D {p}. Then we have exact sequences
(6.7)
We prove the injectivity of δ by showing that both α and β are surjective. For any Ω-spectrum E ∈ SH(S) whose levels E n are H-groups such that the transition maps (5.1) induce surjections Hom
Here, for any group A, A Ω is the projective system
with transition maps f → (1 + t)df /dt and E r := Hom SH (S r , E) for r = 0, 1 [Rio, IV.48, 49] . This applies to E = BGL and E = R, cf. (5.15): (i): we need to establish the injectivity of the map in the first row:
The counit map Σ ∞ P 1 Ω ∞ P 1 → id is an isomorphism when applied to BGL, and H D (and thus H D [−1]), since these two spectra are Ω-spectra. Therefore, the same is true for BGL. We are done by (ii).
(iii): we obtain the sought isomorphism as the following composition:
The canonical isomorphism (6.9) follows from (ii): we can pick representatives of BGL and of ch : BGL → ⊕H D {p} (Theorem 5.6(ii)) in the underlying model category Spt. We will denote them by the same symbols. We get a diagram of maps in Spt := Spt
The Chern character for motivic cohomology and Theorem 3.6(iii) induce an isomorphism ch :
As SH(S) is triangulated, we get some (a priori non-unique) isomorphism α in SH(S). By (ii), however, it is unique. Similarly, the isomorphism (6.11) follows from (i): still using the above lift of ch to Spt, ch 0 := Ω ∞ P 1 ch is a map of simplicial presheaves. The isomorphism τ : Z× Gr ∼ = Ω s S * (5.12) can be lifted to a mapτ of presheaves
The right hand square may not commute in ∆ op PSh(Sm/S), but it does in Ho • (S). By (i), the resulting isomorphism (in Ho • (S)) between hofib ∆ op PSh (ch 0 ) and hofib ∆ op PSh (ch S ) is independent of the choice ofτ and ch 0 .
In order to explain the canonical isomorphisms (6.10), (6.12), recall the following generalities on model categories: let (6.13)
We apply this to the Quillen adjunctions
The leftmost category is endowed with the sectionwise model structure, then the Nisnevich-A 1 -local one, and the stable model structure at the right. These model structures are proper [GJ99, II.9.6], [MV99, 3.2., p. 86], [Jar00, 4.15]. The simplicial presheaf D s is fibrant with respect to the section-wise model structure, since it is a presheaf of simplicial abelian groups. Moreover, it is A 1 -invariant and has Nisnevich descent by Theorem 2.8(vi). Therefore, it is fibrant with respect to the Nisnevich-A 1 -local model structure. Moreover, H D is an Ω-spectrum by Lemma 3.5, so it is a fibrant spectrum (any level-fibrant Ω-spectrum is stably fibrant [Jar00, 2.7]). For (6.10), we may pick a fibrant representative of BGL (still denoted BGL) such that Ω ∞ P 1 BGL =: V is weakly equivalent to Z× Gr. Again using (i), the homotopy fibers of Ω ∞ P 1 (ch) : V → D s and of ch 0 : Z× Gr → D s are canonically weakly equivalent. Finally, the Sconstruction presheaf S * , cf. (5.9), is A 1 -invariant (since K * (X) ∼ = K ′ * (X) for all X ∈ Sm/S by the regularity of S) and Nisnevich local for all regular schemes [TT90, Thm. 10.8], and consists of Kan simplicial sets by definition. Hence S * is a fibrant simplicial presheaf in the A 1 -model structure. Therefore, (6.10), (6.12) are fibrant, so these isomorphisms follow from (6.13).
The statement with rational coefficients is similar: one replaces S * , which is given by simplicial chains in the topological realization of the S-construction, by its version with rational coefficients. Likewise, one replaces BGL by its Qlocalization (using the additive structure of SH(S)) BGL Q . Then condition (a) gets replaced by (c) and (b) becomes unnecessary, since the groups R 1 lim ← − A Ω encountered above vanishes for a divisible group A.
Adams operations
Theorem 6.1 can colloquially be summarized by saying that any construction on K * etc. that is both compatible with the classical constructions on K-theory and Deligne cohomology and canonical enough to be lifted to the category SH(S) (or Ho(S)) is unique. We now use this to study Adams operations on arithmetic Ktheory. In Section 6.2 below, this principle is used to identify the BGL-module structure on BGL.
The arithmetic K-groups are endowed with Adams operations
This is due to Gillet and Soulé [GS90c, Section 7] for n = 0 and to Feliu in general [Fel10, Theorem 4.3] . Writing
for the Adams eigenspaces, the obvious question
was answered positively for n = 0 in loc. cit., but could not be solved for n > 0 by Feliu since the management of explicit homotopies between the chain maps representing the Adams operations becomes increasingly difficult for higher Ktheory. In this section, we show that the above Adams operations agree with the natural ones on H * (X) Q and thereby settle the question (6.15) affirmatively. Feliu establishes a commutative diagram of presheaves of abelian groups,
The Adams operation Ψ k D is the canonical one on a graded vector space,
The complexes C i at the left hand side are certain complexes of abelian presheaves defined in op. cit. They come with maps Ω s S * → K(C i ) that induce isomorphisms K * ⊗Q = π * (Ω s S * )⊗Q → H * (C i )⊗Q, i = 1, 2. By means of these isomorphisms, Ψ k corresponds to the usual Adams operation on K-theory (tensored with Q). Moreover, both maps ch i induce the Beilinson regulator from K-theory to Deligne cohomology.
Recall also the definition of the arithmetic Chow group from [GS90a, Section 3.3] in the proper case and [Bur97, Section 7] in general. In a nutshell, the group CH p GS (X) is generated by arithmetic cycles (Z, g), where Z ⊂ X is a cycle of codimension p and g is a Green current for Z, i.e. a real current satisfying Fr * ∞ g = (−1) p−1 g such that ω(Z, g) := − 1 2πi ∂∂g + δ Z is the current associated to a C ∞ differential form (and therefore an element of D 0 (p)(X)). Here δ Z is the Dirac current of Z(C) ⊂ X(C). In analogy to the relation of K
Corollary 6.2. Under the assumption of Theorem 6.1(c), the isomorphism K n (X) Q ∼ = H −n (X) Q is compatible with the Adams operations Ψ k K on the left and, using the Arakelov-Chern class established in Theorem 4.2, the canonical ones on the graded vector space on H −n (X) Q ∼ = ⊕ p∈Z H 2p−n (X, p). In particular, there are canonical isomorphisms
Proof: We write Ω s,Q A := lim − → C * (Ω|A|) for any pointed connected simplicial set A. Here, | − | : ∆ op Sets ⇄ Top : C * is the usual Quillen adjunction, Ω is the (topological) loop space, the direct limit is indexed by Z >0 ordered by divisibility, and the transition maps Ω|A| → Ω|A| are the maps that correspond to the multiplication in π 1 (A). Then π n Ω s,Q (A) = (π n Ω s (A))⊗ Z Q for all n ≥ 0. The construction is functorial, so it applies to the simplicial presheaf S * and gives us a Q-rational variant denoted S * ,Q . The map Ψ k : C 1 → C 2 yields an endomorphism Ψ we see that the Adams operations on BGL Q and on S * ,Q agree which yields the compatibility statement using the definition of the comparison isomorphism (6.6). The isomorphism (6.17) is then clear, as is (6.19), using (4.5). (6.18) is a restatement of [GS90c, Theorem 7.3.4].
The action of K-theory on K-theory
Recall from Remark 4.3 that BGL is a BGL-module, i.e., there is a natural BGL-action µ : BGL ∧ BGL → BGL.
For any smooth scheme f : X/S, this induces a map called the canoncial BGLaction on H-groups:
Here ∆ : X + → X + ∧ X + = (X×X) + is the diagonal map.
Theorem 6.3. Let S be a regular base scheme satisfying Condition (c) of 6.1. Then, at least up to torsion, the canonical comparison isomorphism K n (X) ∼ = H −n (X) is compatible with the canonical BGL-action on the right hand side and the K * -action
induced by the product structure on K Similarly, the pairing
induced by the ring structure on CH * GS (X) agrees, after tensoring with Q, with the canonical pairing H 2n (X, n)× H 2m (X, m) → H 2(n+m) (X, n + m).
Proof: Before proving the theorem proper, we sketch the definition of the product on K T * : instead of the S-construction, Takeda uses the Gillet-Grayson G-construction G * (−) := G * ( P (−)) of the exact category of hermitian vector bundles on a scheme (see p. 6). There is a natural weak equivalence G * (T ) → Ω s S * (T ). In particular, π n (G * (T )) = K n (T ) for any scheme T and n ≥ 0. This gives rise to a canonical isomorphism K n (X) = π n hofib ∆ op (Sets) (G * (X) and a map µ G : G * (X) ∧ G * (X) → G (2) * (X), so that the induced map π n (G * (X))×π m (G * (X)) → π n+m (G * (X)) is the usual product on K-theory. Moreover, ch G factors over R.
Consider the following diagram, where µ D : D s ∧ D s → D s is the product (cf. Section 3) and the terms in the second column denote the homotopy fibers (with respect to the section-wise model structure) of the respective right-most horizontal maps:
The lower right square is commutative (on the nose) according to loc. cit. The upper right square is commutative up to (a certain) homotopy [Tak05, Theorem 5.2], so there is some dotted map such that the left-upper square commutes up to homotopy. This yields a map φ : G ∧ G → G in Ho • (S) fitting into the following diagram (in Ho(S)):
(6.20)
The K * -action on K * is induced by φ. Thus, to prove the theorem, it is sufficient to show that the diagram
is commutative in Ho(S). Here the horizontal isomorphisms are the ones from Theorem 6.1. For this, it is sufficient to show that the dotted map in (6.20) is unique (in Ho • (S)). The latter statement looks very much like 6.1(i). Indeed, it can be shown in the same manner, as we now sketch: again, one first does the stable analogue, namely the unicity of a map BGL ∧ BGL → BGL in SH(S) making the diagram analogous to (6.20) commute. To do so, the sequences in (6.7) are altered by replacing Hom(?, * ) by Hom(BGL∧?, * ) everywhere. For any E ∈ DM (S), we have since DM (S) ⊂ SH(S) Q is a full subcategory. This applies to E = H D and E = BGL Q = ⊕ p H {p}. Therefore, both the surjectivity of α and the injectivity of γ in (6.7) carries over to the situation at hand. ( ( P P P P P P P P P P P P Hom(A[1], C ′ )
